Abstract. We prove in a uniform way that all Denjoy-Carleman differentiable function classes of Beurling type C (M ) and of Roumieu type C {M } , admit a convenient setting if the weight sequence M = (M k ) is log-convex and of moderate growth: For C denoting either C (M ) or C {M } , the category of C-mappings is cartesian closed in the sense that C(E, C(F, G)) ∼ = C(E × F, G) for convenient vector spaces. Applications to manifolds of mappings are given:
Introduction
Denjoy-Carleman differentiable functions form classes of smooth functions that are described by growth conditions on the Taylor expansion. The growth is prescribed in terms of a sequence M = (M k ) of positive real numbers which serves as a weight for the iterated derivatives: for compact K the sets
are required to be bounded. The positive real number ρ is subject to either a universal or an existential quantifier, thereby dividing the Denjoy-Carleman classes into those of Beurling type, denoted by C (M) , and those of Roumieu type, denoted by C {M} , respectively. For the constant sequence M = (M k ) = (1), as Beurling type we recover the real and imaginary parts of all entire functions on the one hand, and as Roumieu type the real analytic functions on the other hand, where 1/ρ plays the role of a radius of convergence. Moreover, Denjoy-Carleman classes are divided into quasianalytic and non-quasianalytic classes, depending on whether the mapping to infinite Taylor expansions is injective on the class or not.
That a class of mappings C admits a convenient setting means essentially that we can extend the class to mappings between admissible infinite dimensional spaces E, F, . . . so that C(E, F ) is again admissible and we have C(E × F, G) canonically C-diffeomorphic to C(E, C(F, G)). This property is called the exponential law ; it includes the basic assumption of variational calculus. Usually the exponential law comes hand in hand with (partially nonlinear) uniform boundedness theorems which are easy C-detection principles.
The class C ∞ of smooth mappings admits a convenient setting. This is due originally to [8] , [9] , and [19] , [20] . For the C ∞ convenient setting one can test smoothness along smooth curves. Also real analytic (C ω ) mappings admit a convenient setting, due to [21] : A mapping is C ω if and only if it is C ∞ and in addition is weakly C ω along weakly C ω -curves (i.e., curves whose compositions with any bounded linear functional are C ω ); indeed, it suffices to test along affine lines instead of weakly C ω -curves. See the book [22] for a comprehensive treatment, or the three appendices in [24] for a short overview of the C ∞ and C ω cases. We shall use convenient calculus of C ∞ -mappings in this paper, and we shall reprove that C ω admits a convenient calculus.
We now describe what was known about convenient settings for Denjoy-Carleman classes before: In [24] we developed the convenient setting for non-quasianalytic logconvex Denjoy-Carleman classes of Roumieu type C {M} having moderate growth, and we showed that log-convexity and moderate growth are necessary. There a mapping is C {M} if and only if it is weakly C {M} along all weakly C {M} -curves. The method of proof relies on the existence of C {M} partitions of unity. We succeeded in [25] to prove that some quasianalytic log-convex DenjoyCarleman classes of Roumieu type C {M} having moderate growth admit a convenient setting. The method consisted of representing C {M} as the intersection of all larger non-quasianalytic log-convex classes C {L} . A mapping is C {M} if and only if it is weakly C {L} along each weakly C {L} -curve for each non-quasianalytic log-convex L ≥ M . We constructed countably many classes which satisfy all these requirements, but many reasonable quasianalytic classes C {M} , like the real analytic class, are not covered by this approach.
In this paper we prove that all log-convex Denjoy-Carleman classes of moderate growth admit a convenient setting. This is achieved through a change of philosophy: instead of testing along curves as in our previous approaches [24] and [25] we test along Banach plots, i.e., mappings of the respective weak class defined in open subsets of Banach spaces. By 'weak' we mean: the mapping is in the class after composing it with any bounded linear functional. In this way we are able to treat all Denjoy-Carleman classes uniformly, no matter if quasianalytic, non-quasianalytic, of Beurling, or of Roumieu type, including C ω and real and imaginary parts of entire functions. Furthermore, it makes the proofs shorter and more transparent.
Smooth mappings between Banach spaces are C (M) or C {M} if their derivatives satisfy the boundedness conditions alluded to above. A smooth mapping between admissible locally convex vector spaces is C (M) or C {M} if and only if it maps Banach plots of the respective class to Banach plots of the same class. This implies stability under composition, see 4.11.
We equip the spaces of C (M) or C {M} mappings between Banach spaces with natural locally convex topologies which are just the usual ones if the involved Banach spaces are finite dimensional, see 4.1. In order to show completeness we need to work with Whitney jets on compact subsets of Banach spaces satisfying growth conditions of Denjoy-Carleman type, see 4.2. Having found nothing in the literature we introduce Whitney jets on Banach spaces in Section 3.
In 7.2 we show that the structure of the Roumieu type classes of DenjoyCarleman differentiable mappings studied in the present paper coincide bornologically with the classes considered previously in [24] and [25] and, most notably, with the structure C ω of real analytic mappings introduced in [21] (see also [22] ). We want to stress that thereby we provide a considerably simpler proof for the real analytic convenient setting. But for the results that testing along curves suffices one still has to rely on [21] , [24] , and [25] .
For a class of mappings C that admits a convenient setting one can hope that the space C(A, B) of all C-mappings between finite dimensional C-manifolds (with A compact for simplicity) is again a C-manifold, that composition is C, and that the group Diff C (A) of all C-diffeomorphisms of A is a regular infinite dimensional C-Lie group. In Section 9 this is proved for all log-convex Denjoy-Carleman classes of moderate growth C {M} and for the classes C (M) containing C ω . A further area of application is the perturbation theory for linear unbounded operators. This will be explained in [26] and [29] .
Notation. We use N = N >0 ∪ {0}. For each multi-index α = (α 1 , . . . , α n ) ∈ N n , we write α! = α 1 ! · · · α n !, |α| = α 1 + · · · + α n , and ∂ α = ∂ |α| /∂x we mean k times iterated directional derivatives in direction v. For a convenient vector space E and a closed absolutely convex bounded subset B ⊆ E, we denote by E B the linear span of B equipped with the Minkowski functional x B = inf{λ > 0 : x ∈ λB}. Then E B is a Banach space. If U ⊆ E then U B := i −1 B (U ), where i B : E B → E is the inclusion of E B in E. We denote by E * (resp. E ′ ) the dual space of continuous (resp. bounded) linear functionals. L(E 1 , . . . , E k ; F ) is the space of k-linear bounded mappings E 1 × · · · × E k → F ; if E i = E for all i, we also write L k (E, F ). If E and F are Banach spaces, then L k (E,F ) denotes the operator norm on L k (E, F ). By L k sym (E, F ) we denote the subspace of symmetric k-linear bounded mappings. We write oE for the open unit ball in a Banach space E.
The notation C [M] stands locally constantly for either C (M) or C {M} ; this means: Statements that involve more than one C
[M] symbol must not be interpreted by mixing C (M) and C {M} . From 2.6 on, if not specified otherwise, a positive sequence M = (M k ) is assumed to satisfy M 0 = 1 ≤ M 1 . In Section 9 we also assume that M = (M k ) is log-convex and has moderate growth, and in the Beurling case
Denjoy-Carleman differentiable functions in finite dimensions
2.1. Denjoy-Carleman differentiable functions of Beurling and Roumieu type in finite dimensions. Let M = (M k ) k∈N be a sequence of positive real numbers. Let U ⊆ R n be open, K ⊆ U compact, and ρ > 0. Consider the set
We define the Denjoy-Carleman classes
The elements of C (M) (U ) are said to be of Beurling type; those of C {M} (U ) of Roumieu type. If M k = 1, for all k, then C (M) (U ) consists of the restrictions to U of the real and imaginary parts of all entire functions, while C {M} (U ) coincides with the ring C ω (U ) of real analytic functions on U . We shall also write C [M] and thereby mean that C [M] stands for either
Let us assume M 0 = 1 from now on. Furthermore, we have that k → k!M k is log-convex (since Euler's Γ-function is so), and we call this weaker condition weakly log-convex.
This implies that the class of C [M] -mappings is stable under composition (in the Roumieu case by [31] , see also [6] or [1, 4.7] ; the same proof works in the Beurling case; it also follows from 4.11; compare also with 2.5).
If M = (M k ) is log-convex, then the inverse function theorem for C {M} holds ( [16] ; see also [1, 4.10] ), and C {M} is closed under solving ODEs (due to [17] ). If additionally we have M k+1 /M k → ∞, then also C (M) is closed under taking the inverse and solving ODEs (again by [16] and [17] ). See [36] , [37] , and 9.2 for Banach space versions of these results.
Suppose [35, Thm. 1] ; and also 2.3). As a consequence 
Moderate growth implies (6) and thus stability under derivations. If M = (M k ) is weakly log-convex and has moderate growth, then
is stable under ultradifferential operators. An operator of the form P (D) = α a α D α , a α ∈ C, is an ultradifferential operator of class C (M) (resp. C {M} ) if there are constants C, ρ > 0 (resp. for each ρ > 0 there exists C > 0) such that |a α | ≤ For sequences M = (M k ) and N = (N k ) of positive real numbers we define
is weakly log-convex, also the converse is true:
2.2.
Theorem (Denjoy-Carleman [5] , [2] ). For a sequence M = (M k ) of positive real numbers the following statements are equivalent:
is quasianalytic, i.e., for open connected U ⊆ R n and each x ∈ U , the Taylor series homomorphism centered at x from C
[M] (U, R) into the space of formal power series is injective.
For contemporary proofs (of the equivalence of (1)-(4)) in the Roumieu case see for instance [13, 1.3.8] or [32, 19.11] . For the equivalence to the Beurling case see [14, 4.2] .
2.3. Sequence spaces. Let M = (M k ) k∈N be a sequence of positive real numbers, and ρ > 0. We consider (where F stands for 'formal power series')
and
Lemma. Consider the following conditions for two positive sequences M i = (M i k ), i = 1, 2, and 0 < σ < ∞:
(
Then we have (1) ⇔ (2) ⇔ (3) ⇒ (4) and (5) ⇔ (6).
2.4. Theorem. Let M = (M k ) be a (weakly) log-convex sequence of positive real numbers. Then we have
where the intersections are taken over all
We must show that there exists a (weakly) log-convex L = (L k ) with M ✁ L such that f / ∈ F {L} . Choose a j , b j > 0 with a j ր ∞, b j ց 0, and a j b j → ∞. Now (2) implies that there exists a strictly increasing sequence k j ∈ N such that
Passing to a subsequence we may assume that k 0 > 0 and that
Passing to a subsequence again we may also get
We define a piecewise affine function φ by
where c j and d j are chosen such that φ is well defined and φ(k j−1 ) = c j + d j k j−1 , i.e., for j ≥ 1,
, and
This implies first that c j ≤ 0 and then
Thus j → d j is increasing and so φ is convex. The fact that all c j ≤ 0 implies that
The proof is complete. 
and L = (L k ) be sequences of positive real numbers. Then for the composition of formal power series we have
>0 is the space of formal power series in F [L] with vanishing constant term. Proof. Let f ∈ F (M) and g ∈ F (L) (resp. f ∈ F {M} and g ∈ F {L} ). For k > 0 we have (inspired by [7] )
This implies (1) in the Roumieu case. For the Beurling case, let τ > 0 be arbitrary, and choose σ > 0 such that τ = √ σ + σ. If we set ρ g = √ σ and
N consider the following properties:
Henceforth, if not specified otherwise, we assume that
, satisfy condition (0). It will be explicitly stated when some of the other properties (1)- (6) are assumed.
3). In particular, it is no loss of generality to assume that M 1 > 1 (put Cρ > 1/M 1 ) and M 0 = 1 (put C := 1/M 0 ). Each one of the properties (1)-(6) is preserved by this modification. Furthermore M = (M k ) is quasianalytic if and only if the modified sequence is so, since (M
2) is modified in the same way. Condition (0) and (1) together imply that k → k! M k is monotone increasing, while (0) and (2) together imply that k → M k is monotone increasing.
3. Whitney jets on Banach spaces 3.1. Whitney jets. Let E and F be Banach spaces. For open U ⊆ E consider the space C ∞ (U, F ) of arbitrarily often Fréchet differentiable mappings f : U → F . For such f we have the derivatives
. . , k} . Note that by the polarization equality (see [22, 7.13 
and the remainder
and hence for convex X ⊆ U :
We supply C ∞ (U, F ) with the semi-norms
and is supplied with the seminorms n for n ∈ N together with ||| ||| n,k for n, k ∈ N.
3.2. Lemma. For Banach spaces E and F and compact convex K ⊆ E the space F ) ) with respect to the seminorms n . This is the limit also with respect to the finer structure of C ∞ (E ⊇ K, F ) with the additional seminorms ||| ||| n,k as follows: For given n, k ∈ N and ǫ > 0 there exists by the Cauchy condition a p 0 such that
and finally
4. The category of Denjoy-Carleman differentiable mappings 4.1. Spaces of Denjoy-Carleman jets or mappings between Banach spaces. Let E and F Banach spaces, K ⊆ E compact, and ρ > 0. Let
where 
This space is not Hausdorff and for infinite dimensional E it(s Hausdorff quotient) will not always be complete. This is the reason for considering the jet spaces
and the bounded subsets
I.e., we consider the projective limit
the inductive limit
and the projective limits
where K runs through all compact convex subsets of U . Furthermore, we consider the projective limit
and the inductive limit
Furthermore, the bounded subsets B ⊆ C
where K runs through all compact convex subsets of U , are for E = R n and F = R the same vector spaces as in 2.1 and the topology is the usual one.
For the inductive limits with respect to ρ > 0 it suffices to take ρ ∈ N only.
Proposition.
We have the following completeness properties:
are compactly regular (i.e., compact subsets are contained and compact in some step) (LB)-spaces hence (c ∞ -)complete, webbed and (ultra-)bornological.
. This is the limit also with respect to the finer structure of C M ρ (E ⊇ K, F ) as follows: For fixed n, k and x = y we have that (
k (x). So we choose for ǫ > 0 a p 0 ∈ N such that f p − f q ρ < ǫ/2 for all p, q ≥ p 0 and given x, y, n, and k we can choose q > p 0 such that
and similarly for
This is obvious; they are countable projective limits of Banach spaces. (3) For finite dimensional E and F it is shown in [34] that the connecting mappings are nuclear. For infinite dimensional E the connecting map-
It is not relatively compact in these spaces, since it is not even pointwise relatively compact in C(K, L(E, R)).
In order to show that the (LB)-space in (3) is compactly regular it suffices by [28, Satz 1] to verify condition (M) of [30] : There exists a sequence of increasing 0-neighborhoods U n ⊆ C M n (E ⊇ K, F ), such that for each n there exists an m ≥ n for which the topologies of
(4) This is obvious; they are projective limits of complete spaces.
is by definition a well-defined continuous linear mapping, it induces such mappings C
The last mapping is obviously injective (use K := {x} for the points x ∈ U ).
Conversely
By [22, 5.20] it is enough to show by induction that d
That this bijection is an isomorphism follows, since the seminorm
4.3. Spaces of Denjoy-Carleman differentiable mappings between convenient vector spaces. For convenient vector spaces E and F , and c ∞ -open U ⊆ E, we define:
Here B runs through all closed absolutely convex bounded subsets in E, and E B is the vector space generated by B with the Minkowski functional v B = inf{λ ≥ 0 : v ∈ λB} as complete norm. For Banach spaces E and F obviously
Now we define the spaces of main interest in this paper:
where B again runs through all closed absolutely convex bounded subsets in E, the mapping i B : E B → E denotes the inclusion of E B in E, and U B := i −1 B (U ). It will follow from 4.4 and 4.5 that for Banach spaces E and F this definition coincides with the one given earlier in 4.1.
We equip C [M] (U, F ) with the initial locally convex structure induced by all linear mappings
, since smoothness can be tested by composing with the inclusions E B → E and with the ℓ ∈ F * , see [22, 2. 14.4 and 1.8]. This shows at the same time, that
). Let E, F be convenient vector spaces, and let
We have the following equivalences, where B runs through all closed absolutely convex bounded subsets in E:
In the Roumieu case C {M} the corresponding equality holds only under additional assumptions:
). Let E, F be convenient vector spaces, and let U ⊆ E be c ∞ -open. Assume that there exists a Baire vector space topology on the dual F * for which the point evaluations ev x are continuous for all x ∈ F . Then a mapping
Proof. (⇒) Let B be a closed absolutely convex bounded subset of E. Let K be compact in U B . We consider the sets
which are closed subsets in F * for the given Baire topology. We have ρ,C A ρ,C = F * . By the Baire property there exist ρ and C such that the interior int(A ρ,C ) of A ρ,C is non-empty. If ℓ 0 ∈ int(A ρ,C ), then for each ℓ ∈ F * there is a δ > 0 such that δℓ ∈ int(A ρ,C ) − ℓ 0 , and, hence, for all k ∈ N, x ∈ K, and v i B ≤ 1, we have
is weakly bounded in F and hence bounded. Since B was arbitrary, we obtain
The following example shows that the additional assumption in 4.5 cannot be dropped. 
whereas there is no reasonable topology on C {M} (R, R) such that the associated mapping g
. For a topology on C {M} (R, R) to be reasonable we require only that all evaluations ev t : C {M} (R, R) → R are bounded linear functionals.
Proof. The mapping g is obviously
was bounded in C {M} (R, R). We apply the bounded linear functional ev t for t = 2ρ and then get
a contradiction. This example shows that for C {M} b one cannot expect cartesian closedness. Using cartesian closedness 5.2 and 5.1 this also shows (for F = C {M} (R, R) and
where F V is the completion of F/p −1 V (0) with respect to the seminorm p V induced by the absolutely convex closed 0-neighborhood V .
If we compose g ∨ with the restriction mapping (incl N ) * : C {M} (R, R) → R N := t∈N R, then we get a C {M} -curve, since the continuous linear functionals on R N are linear combinations of coordinate projections ev t with t ∈ N. However, this curve cannot be C {M} b as the argument above for t > ρ shows.
4.7. Lemma. Let E, F be Banach spaces, U ⊆ E open, and f : U → F a C ∞ -mapping. The following are equivalent:
is bounded uniformly in k ∈ N and a ∈ K (by 4.4).
(2) ⇒ (3) Apply (2) to the sequence (r k δ k ). F ) . By the following lemma, the a k are the coefficients of a power series with infinite radius of convergence. Thus a k /ρ k is bounded for every ρ > 0.
Lemma. For a formal power series k≥0 a k t k with real coefficients the following are equivalent:
(4) The radius of convergence is infinite.
Suppose that the radius of convergence ρ is finite. So k |a k |n k = ∞ for n > ρ. Set r k = 1/n k . Then, by (5),
for some C > 0 and all k. Consequently, k |a k |n k ≤ C k 1 2 k , a contradiction. 4.8. Lemma. Let E, F be Banach spaces, U ⊆ E open, and f : U → F a C ∞ -mapping. The following are equivalent:
(2) For each sequence (r k ) with r k ρ k → 0 for all ρ > 0, and each compact K ⊆ U , the set
is bounded uniformly in k ∈ N and a ∈ K (by 4.5).
(2) ⇒ (3) Use δ = 1. ∞ -open in a convenient vector space E, let F be a Banach space, and let f : U → F be a mapping. Then:
Proof. We treat first the Beurling case
where D is the open unit ball in a Banach space G. By (4.7.3), it suffices to show that, for each sequence (r k ) satisfying r k > 0, r k r ℓ ≥ r k+ℓ , and r k t k → 0 for some t > 0, each compact K ⊆ D, and each δ > 0, the set
So let δ, the sequence (r k ), and a compact (and without loss of generality convex) K ⊆ D be fixed. For each ℓ ∈ E * the set
is bounded in R, by (4.7.2) applied to the sequence (r k (2δ) k ). Thus, the set
is contained in some closed absolutely convex bounded B of E and hence
and hence c(K) is compact in E B . By Faà di Bruno's formula for Banach spaces ( [7] for the 1-dimensional version, k ≥ 1)
where sym denotes symmetrization, and by (2.1.4), for a ∈ K and k ∈ N >0 , for
there exists a constant C > 0 such that
as required. Let us now consider the Roumieu case C {M} : Let c : G ⊇ D → E be a C {M} -plot, where D is the open unit ball in a Banach space G. We have to show that f • c is C {M} . By (4.8.3), it suffices to show that for each sequence (r k ) satisfying r k > 0, r k r ℓ ≥ r k+ℓ , and r k t k → 0 for all t > 0, and each compact K ⊆ D, there exists δ > 0 such that the set (1) is bounded in F .
By (4.8.2) (applied to (r k 2 k ) instead of (r k )), for each ℓ ∈ E * , each sequence (r k ) with r k t k → 0 for all t > 0, and each compact K ⊆ D, the set (2) with δ = 1 is bounded in R, and, thus, the set (3) with δ = 1 is contained in some closed absolutely convex bounded subset B of E. Computing as above we find that, for some ρ > 0 and C > 0 and δ := 2 1+M1 ρ , the lefthand-side of (4) is bounded by
∞ -open, and f : U → F , g : V → G, and f (U ) ⊆ V . Then:
Proof. By Definition 4.3, we must show that for all closed absolutely convex bounded B ⊆ E and for all ℓ ∈ G * the composite ℓ M] . So the assertion follows from Theorem 4.10.
5.
Proof. For C ∞ -curves this follows from [22, 2.1 and 2.11], and, by composing with such, it follows for C ∞ -mappings f : U → F . In the Beurling case C (M) : By 4.7, for ℓ ∈ F * , the function ℓ • f is C (M) if and only if the set
is bounded, for each sequence (r k ) with r k ρ k → 0 for some ρ > 0 and each compact K ⊆ U . So the smooth mapping f : U → F is C (M) if and only if the set
is bounded in F . This is in turn equivalent to ℓ • f ∈ C (M) for all ℓ ∈ S, since S detects bounded sets.
The same proof works in the Roumieu case C {M} if we use 4.8 and demand that r k ρ k → 0 for all ρ > 0.
Theorem (Cartesian closedness). We have:
(1) Let M = (M k ) be weakly log-convex and have moderate growth. Then, for convenient vector spaces E 1 , E 2 , and F and c ∞ -open sets U 1 ⊆ E 1 and U 2 ⊆ E 2 , we have the exponential law:
The direction (⇐) holds without the assumption that M = (M k ) has moderate growth. (2) Let M = (M k ) be log-convex and have moderate growth. Then the category of C [M] -mappings between convenient real vector spaces is cartesian closed, i.e., satisfies the exponential law.
Note that C
[M] is not necessarily a category if M = (M k ) is just weakly logconvex. Proof. (2) is a direct consequence of (1) and Theorem 4.11. Let us prove (1). We have F ) ), by [22, 3.12] ; thus, in the following all mappings are assumed to be smooth. We have the following equivalences, where B ⊆ E 1 ×E 2 and B i ⊆ E i run through all closed absolutely convex bounded subsets, respectively:
For the second equivalence we use that every bounded B ⊆ E 1 × E 2 is contained in B 1 × B 2 for some bounded B i ⊆ E i , and, thus, the inclusion (
On the other hand, we have:
For the second equivalence we use 5.1 and the fact that the linear mappings
These considerations imply that in order to prove cartesian closedness in general we may restrict to the case that U i ⊆ E i are open in Banach spaces E i and F = R.
(⇒) Assume that M = (M k ) has moderate growth. Let
is a convenient vector space, by [22, 5.20] it is enough to show that the iterated unidirectional derivatives
, and are separately bounded for x, resp. v, in compact subsets. For j = 1 and fixed x, v, and y consider the smooth curve c : t → f (x + tv, y). By the fundamental theorem
∨ (x) exists and equals ∂ 1 f (x, )(v). Now we proceed by induction, applying the same arguments as before to
is bounded, and also the separated boundedness of d j v f ∨ (x) follows. So the claim is proved. We have to show that f ∨ :
In the Beurling case C (M) :
By 5.1, it suffices to show that f ∨ :
. That means we have to prove that, for all compact
is bounded in R. Since M = (M k ) has moderate growth, i.e., M k1+k2 ≤ σ k1+k2 M k1 M k2 for some σ > 0, we obtain, for x 1 ∈ K 1 , k 1 ∈ N, and v
If for given ρ 1 , ρ 2 > 0 we set ρ := 1 2σ min{ρ 1 , ρ 2 }, then (6) is bounded by
In the Roumieu case C {M} :
. That means we have to prove that, for all compact K 1 ⊆ U 1 and K 2 ⊆ U 2 there exists ρ 1 > 0, such that the set (4) is bounded in lim
For that it suffices to show that for all K 1 , K 2 there are ρ 1 , ρ 2 with the set (5) bounded in R.
Since f is C {M} , there exists ρ > 0 so that the set (7) is finite, by (4.2.3). If we set ρ i := 2σρ, then (6) is bounded by (7) . It follows that
In the Beurling case C (M) : Consider diagram (3). For each compact K 2 ⊆ U 2 and each ρ 2 > 0, the mapping f ∨ :
. That means that, for all compact
, it is also bounded in this space, and hence the set (5) is bounded.
Since M = (M k ) is weakly log-convex, thus,
This implies that f is C (M) . In the Roumieu case C {M} : Consider the diagram in (8) . For each compact 
Banach spaces. Thus, the mapping f ∨ :
, by Lemma 4.5. By regularity, for each compact K 1 ⊆ U 1 there exists ρ 1 > 0 so that the set (4) is contained and bounded in C
, it is also bounded in this space, and hence the set (4) is bounded. Then (9) implies that f is C {M} . The proof is complete.
5.3.
Remarks. Theorem 8.2 below states that, if M = (M k ) is (weakly) log-convex, E, F are convenient vector spaces, and
as vector spaces with bornology, where the projective limits are taken over all (weakly) log-convex L = (L k ) with M ✁ L. Using this equality we can give an alternative proof of the direction (1) . By cartesian closedness 5.2 of C (L) (the implication which holds without moderate growth), we have f ∈ C (L) (U 1 × U 2 , F ) for all L, and, by (1) again, f ∈ C {M} (U 1 × U 2 , F ). The proof of (1) 
We claim that B is bounded in C {M} (U, F ). We may assume without loss of generality that E is a Banach space and F = R (by composing with C {M} (i B , ℓ)). Let K ⊆ U be compact and
Moreover, it provides an independent proof of the regularity of the inductive limit involved in the definition of C {M} (U, F ) if E and F are Banach spaces (cf. 4.2 and the remark in 8.7).
Example (Cartesian closedness fails without moderate growth).
Let us assume M = (M k ) is weakly log-convex and has non-moderate growth (for instance,
. By defining f (s, t) :=g(s + t), we have found f ∈ C {M} (R 2 , R) with
Since M = (M k ) has non-moderate growth, there exist j n ր ∞ and k n > 0 such that
Consider the linear functional ℓ :
This functional is continuous, since
for suitable ρ, where
(2) By 8.2, we have for E, F convenient vector spaces and
where the intersection is taken over all weakly log-convex N = (N k ) with M ✁ N . Let f be the function in (1) . By (3), there exist weakly log-convex sequences
. By the lemma below there exists a weakly log-convex sequence
, the mapping f ∨ has values in C (N ) (R, R) and thus factors over the inclusion
and consequently not C (N ) . 
We claim that C
In the Roumieu case this a theorem due to Cartan and Gorny, see [18, IV E] ; the same proof with obvious modifications yields the Beurling version, i.e., the claim. 
is a linear C [M] -diffeomorphism of convenient vector spaces. The following canonical mappings are C [M] .
Proof. This is a direct consequence of cartesian closedness 5.2. See [24, 5.5] or even [22, 3.13] for the detailed arguments. Proof. (⇒) For x ∈ U and ℓ ∈ G * , the linear mapping ℓ
(⇐) Suppose that ev x • T is bounded for all x ∈ U . By the Definition 4.3 of C
[M] (U, G) it is enough to show that T is bounded for Banach spaces E, F , and G = R. By Definition 4.1,
is a Fréchet space, and by (4.
is webbed and hence the closed graph theorem [22, 52 .10] gives the desired result.
6.2. Remark. Alternatively, the C {M} uniform boundedness principle follows from the C (M) uniform boundedness principle and from the remark in 8.2, since the structure of
This is no circular argument, since the first identity in 8.2 was proved in 5.3 without using the uniform boundedness principle 6.1.
Relation to previously considered structures
In [24] and [25] we have developed the convenient setting for all reasonable nonquasianalytic and some quasianalytic (namely, L-intersectable, see 7.1) DenjoyCarleman classes of Roumieu type. We have worked with a definition which is based on testing along curves. The resulting structures were denoted by C M in [24] and [25] and will be denoted by C {M} curve in this section; this notation does not appear elsewhere in this paper. We shall now show that they coincide bornologically with the structure C {M} studied in the present paper. Furthermore, we prove that the bornologies induced by C {1} and the structure C ω of real analytic mappings introduced in [21] are isomorphic; here 1 denotes the constant sequence (1) . Note that C {1} is not L-intersectable (see [25, 1.8] ).
7.1. Testing along curves. Let M = (M k ) be log-convex, E and F convenient vector spaces, and
Note that non-quasianalytic log-convex sequences are trivially L-intersectable. For non-quasianalytic M = (M k ) we supply C {M} curve (U, F ) with the initial locally convex structure induced by all linear mappings:
and for quasianalytic and
In both cases C {M} curve (U, F ) is a convenient vector space. Let C ω (R, R) denote the real analytic functions f : R → R and set
where C ω (R, U ) is the space of all weakly C ω -curves in U . We equip C ω (U, R) with the initial locally convex structure induced by the family of mappings
where C ∞ (R, R) carries the topology of compact convergence in each derivative separately, and where C ω (R, R) is equipped with the final locally convex topology with respect to the embeddings (restriction mappings) of all spaces of holomorphic mappings from a neighborhood V of R in C mapping R to R, and each of these spaces carries the topology of compact convergence. The space C ω (U, F ) is equipped with the initial locally convex structure induced by all mappings
This is again a convenient vector space.
7.2. Theorem. Let M = (M k ) be log-convex, E and F convenient vector spaces, and U a c ∞ -open subset in E. We have: 
as vector spaces with bornology.
curve (U, F ) coincide as vector spaces, by [25, 2.8] . If M = (M k ) is quasianalytic and Lintersectable, then the non-quasianalytic case implies that
as vector spaces, where the last equality is a consequence of the definition of C {M} (U, F ) (see 4. 3) and of [25, 1.6 ] (applied to C {M} (U B , R)). The fact that both spaces C {M} (U, F ) and C {M} curve (U, F ) are convenient and satisfy the uniform boundedness principle with respect to the set of point evaluations, see Theorem 6.1 and [25, 2.9], implies that the identity is a bornological isomorphism.
(2) We show first that , this is equivalent to f being smooth and being locally given by its convergent Taylor series. Let K ⊆ U be compact. Since the Taylor series of f converges locally, there exist constants C, ρ > 0 such that
that is, f ∈ C {1} (U, R). Conversely, for compact subsets K ⊆ U on affine lines in E the condition (3) implies that the restriction of f to each affine line is real analytic and hence f ∈ C ω (U, R) by [22, 10.1] .
The bornologies coincide, since both spaces are convenient and satisfy the uniform boundedness principle with respect to the set of point evaluations, see Theorem 6.1 and [21, 5.6] or [22, 11.12 ].
8. More on function spaces 8.1. Proposition (Inclusions). Let M = (M k ), N = (N k ) be positive sequences, E, F convenient vector spaces, and U ⊆ E a c ∞ -open subset. We have:
(4) For U = ∅ and F = {0} we have:
All these inclusions are bounded.
Proof. The inclusions in (1), (2), and (3) The directions (⇐) in (4) are direct consequences of (2) and (3). The directions (⇒) follow, since they have been shown in 2.1 for E = F = R.
All inclusions are bounded, since all spaces are convenient and satisfy the uniform boundedness principle 6.1 and [22, 5.26] for C ∞ .
8.2. Theorem. Let M = (M k ) be (weakly) log-convex, E and F convenient vector spaces, and U a c ∞ -open subset in E. We have
as vector spaces with bornology, where the projective limits are taken over all
Proof. The three spaces coincide as vector spaces: By Definition 4.3 it suffices to assume that E and F are Banach spaces, and by 4.1 and (4.2.5) it suffices to apply Theorem 2.4 to the sequence ( j ∞ f | K m ). Each space is convenient (see 4.3; projective limits preserve c ∞ -completeness) and each space satisfies the uniform boundedness principle with respect to the set of point evaluations (see 6.1; the structure of lim
. Thus the identity between any two of the three spaces is a bornological isomorphism. (1) Multilinear mappings between convenient vector spaces are C [M] if and only if they are bounded.
, where the space L(E, F ) of all bounded linear mappings is considered with the topology of uniform convergence on bounded sets. If M +1 = (M k+1 ) is weakly log-convex (which is the case if M = (M k ) is weakly log-convex), also (df )
The chain rule holds.
then it is smooth and hence bounded by [22, 5.5] . Conversely, if f is multilinear and bounded then it is smooth, again by [22, 5.5] . Furthermore, f • i B is multilinear and continuous and all derivatives of high order vanish. Thus f is C [M] , by Definition 4.3. (2) Since f is smooth, by [22, 3.18 ] the mapping df : U → L(E, F ) exists and is smooth. We have to show that (df )
, for all closed absolutely convex bounded subsets B ⊆ E. By the uniform boundedness principle [22, 5.18] and by Lemma 5.1 it suffices to show that the mapping
, for each closed absolutely convex bounded B ⊆ E, each compact K ⊆ U B , and each ρ > 0 (resp. some ρ > 0) the set
is bounded, say by C > 0. The assertion follows in both cases from the following computation. For v ∈ E and those B containing v we then have:
is weakly log-convex. (3) This is valid even for all smooth f by [22, 3.18 ].
8.4. Proposition. We have:
(1) For convenient vector spaces E and F , the following topologies have the same bounded subsets in L(E, F ):
• The topology of uniform convergence on bounded subsets of E.
• The topology of pointwise convergence.
• The trace topology of
be weakly log-convex, E, F , and G convenient vector spaces, and
Analogous results hold for spaces of multilinear mappings.
Proof.
(1) That the first three topologies on L(E, F ) have the same bounded sets has been shown in [22, 5.3 and 5.18] . The inclusion F ) is bounded by the uniform boundedness principle 6.1.
(2) The assertion for C ∞ is true by [22, 3.12] 
for each ℓ ∈ G * and v ∈ F ; this is obviously true.
. By cartesian closedness 5.2 (the direction which holds without moderate growth), f : U ×F → G is C [M] and linearity in the second variable is obvious.
Remark. We may prove f
(U × F, G) without using cartesian closedness: By composing with ℓ ∈ G * we may assume that G = R. By induction we have:
Proof. The proof is literally identical with the proof of 8.6, where we replace C (M) with C {M} and use 4.8 instead of 4.7.
Remark. Let us prove that the identity lim
is bounded without using 6.1: Let B be a bounded set in lim
Since the elements of lim
are the infinite jets of smooth functions, we may estimate |||f | K ||| n,k by f | K n+k+1 by (3.1.1), and so the sequence
satisfies sup k a k /r k < ∞ for each (r k ) as above. By [22, 9.2] , these are the coefficients of a power series with positive radius of convergence. Thus a k /ρ k is bounded for some ρ > 0. That means that B is contained and bounded in C 
By the uniform boundedness principle 6.1 the linear mappingf is bounded, since
Since the bornology of L(E, G) (see 8.4 ) is generated by S := {ev x : x ∈ E} and since ev
, by Lemma 5.1 (and by composing with all i B : V B → V ). 8.9. Lemma. Let E be a convenient vector space and U ⊆ E be c ∞ -open. By λ [M] (U ) we denote the c ∞ -closure of the linear subspace generated by {ev x :
is the free convenient vector space over C [M] , i.e., for every convenient vector space G the
Proof. The proof goes along the same lines as in [22, 23.6] 
is a well-defined linear mapping. This mapping is injective, since each bounded linear mapping
and hencef :
) ℓ∈G * is a welldefined bounded linear mapping. Since it maps ev x tof (ev x ) = δ(f (x)), where δ : G → G * R denotes the bornological embedding given by y → (ℓ(y)) ℓ∈G * , it induces a bounded linear mappingf : (
In (7) the space X is an ℓ ∞ -space, i.e., a set together with a bornology induced by a family of real valued functions on X, cf. Proof. Let C 1 and C 2 denote any of the functions spaces mentioned above and X 1 and X 2 the corresponding domains. In order to show that the flip of coordinates F ) ) is a well-defined bounded linear mapping we have to show:
•f (x 2 ) ∈ C 1 (X 1 , F ), which is obvious, sincef (x 2 ) = ev x2 • f : F ) ), which we will show below.
• f →f is bounded and linear, which follows by applying the appropriate uniform boundedness theorems for C 2 and
• f is bounded and linear. All occurring function spaces are convenient and satisfy the uniform S-boundedness theorem, where S is the set of point evaluations: It remains to check thatf is of the appropriate class: (1)-(4) For α ∈ {(M ), {M }} and β ∈ {(N ), {N }, ∞} we have 
9. Manifolds of C [M] -mappings 9.1. Hypothesis. In this section we assume that M = (M k ) is log-convex and has moderate growth. In the Beurling case
is increasing, by log-convexity (see 2.1), and thus
inverse function theorem (see 2.1 and 9.2).
Tools for C
[M] -analysis. We collect here results which are needed below (see also 2.1):
-flows, see [17] and [37] . (2) Between Banach spaces, the C
[M] implicit function theorem holds. This is essentially due to [36] , but in [36] only the Roumieu case is treated and the C {M} -conditions are global. So we shall indicate shortly how to obtain the result we need:
We have:
Proof. By (4.2.5), (3) implies (4). The proof of [36, Thm. 2] with small obvious modifications provides a proof of (3) in the Roumieu case (see also [33, 3.4.5] ). For the Beurling case let f ∈ C (M) K (U, F ) and F ) and, by the Roumieu case, Conjecture. Let X be a finite dimensional real analytic manifold. Consider the space C
[M] (X, R) of all C [M] -functions on X, equipped with the (obvious) Whitney
This conjecture is the analogue of [12, Proposition 8] . It was proved in the non-quasianalytic Beurling case C (M) for X open in R n by [27] . The proofs of the following four results are similar to the proofs given in [25, Section 5] , using other analytical tools. For the convenience of the reader, we give full proofs here, sometimes with more details. 
-atlas for B which we assume to be modeled on a convenient vector space W , and where ψ α : E| Uα → U α × V form a vector bundle atlas over charts U α of B. 
with respect to the canonical real analytic manifold structures. Namely, there exists f ∈ C
[M] (S 1 , R) \ C [N ] (S 1 , R). We consider f as a periodic function R → R. The universal covering space of C
[M] (S 1 , S 1 ) consists of all 2πZ-equivariant mappings in C
[M] (R, R), namely the space of all g + Id R for 2π-periodic g ∈ C [M] . Thus C [M] (S 1 , S 1 ) is a real analytic manifold and t → (x → x + t) induces a real analytic curve c in C
[M] (S 1 , S 1 ). But f * • c is not C (N ) (resp. C {N } ) since:
which is unbounded in k for x in a suitable compact set and for some (resp. all) ρ > 0, since f / ∈ C (N ) (resp. f / ∈ C {N } ). Following [23] , see also [22, 38.4 ], a C [M] -Lie group G with Lie algebra g = T e G is called C
[M] -regular if the following holds:
[M] (R, G) whose right logarithmic derivative is X, i.e., g(0) = e ∂ t g(t) = T e (µ g(t) )X(t) = X(t).g(t)
The curve g is uniquely determined by its initial value g(0), if it exists.
• Put evol 1 . This example can be embedded into any compact manifold, see [11] .
